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Let T be a Hermitian operator on a Banach space and let P be a real quadratic 
polynomial. Among other inequalities we give lower bounds for lIP(T)xlI in terms 
of IIxII, II Txl(, and 11 T2x/1. As a special case we deduce extensions of some classical 
inequalities involving derivatives of a function and obtain some new inequalities of 
this kind. 
Brodlie and Everitt [6] proved that if a > 0 andf, f ‘,f” are in L2(0, co), 
then 
(1) 
For a = 0 this is exactly the Hardy-Littlewood inequality ]] S’ ]I2 < 
2 llfll Ilf”ll for.Lf’,f” in L*(O, a> 11% 131; corresponding inequalities for 
fE L"O(lR) and Lm(O, co were proved by Hadamard [ 1 l] and Landau [20], ) 
respectively. Best possible extensions to higher derivatives have been given 
by Kolmogorov [ 181, Schoenberg and Cavaretta [25], Ljubic [21], and 
Kupcov [ 191. 
These inequalities have been extended to inequalities of the form ]] rf ]I’ < 
Kllfll IP’fll, for H ermitian and dissipative operators T on Hilbert spaces 
and general Banach spaces as follows. Inequalities involving a dissipative 
operator in a Hilbert space have been given by Kato [ 171, Holbrooke [ 151 
and Partington [23], and extended to higher powers by Chernoff [8]. In a 
general Banach space the inequality for a dissipative operator has been 
considered by Kallman and Rota [16], Bollobis [l] and Holbrooke [15], 
and extended to higher powers by Gindler and Goldstein [lo], Trebals and 
Westphal [26], Hille [14], Ditzian [9], Certain and Kurtz [7], and Protter 
[24]. The inequality for an Hermitian operator on a genera1 Banach space 
has been considered by Bollobas [ 1, 21, BollobLs and Galanis [3], Partington 
[22], with the corresponding inequality for higher powers being given in [ 11. 
The original inequalities concerning functions can be recovered from the 
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extensions by noting that the differentiation operator is skew-Hermitian on 
Lp(--co, co) (1 ( p < oo) and dissipative on LP(O, co). 
The first part of this article contains an extension of (1) for dissipative 
operators on a Hilbert space (Theorem 1). The constant in this general 
inequality is good enough to allow us to recover a sharper form of (1). We 
then turn to the more general setting and prove an analogue of (1) for 
dissipative operators on a Banach space (Theorem 2). 
In the second part of the paper we discuss a more general problem. Let P 
be a real quadratic polynomial and let a, b, and c be real constants. Is there 
a positive constant K such that, whenever T is a Hermitian (or skew- 
Hermitian) operator, either of the following two inequalities holds? 
llxll IIP(T>xll >K 1 a II WI2 + c 11412 1) (2) 
II W’)xll 2 K 1 a It T241 + b II WI+ c /Ix/I 1. (3) 
We solve this problem by giving simple necessary and sufficient conditions 
for the existence of some K. We do not aim to get good bounds on K though 
in some cases our bounds are best possible. 
The (spatial) numerical range of an operator T on a complex Banach 
space X is 
VT) = W7-):f~K 4 EX*, llfll = 11~11 = Q(f) = 11. 
For basic results concerning numerical ranges the reader is referred to 
Bonsall and Duncan [4, 51. Here we note only that T is dissipative if 
Re V(T) < 0 and Hermitian if V(T) c IR. Furthermore, we call T skew- 
Hermitian if iT is Hermitian. 
Given a > 0, let K(a) be the minimal number (whose existence is still to 
be proved) with the following property. Whenever T is a dissipative operator 
on a Hilbert space H, and f E H is such that T*f is defined and ]]f]l = 
I] Tf 11 = 1, then 
I 1 - Q IQ K(a) II TZf + d-11. 
Furthermore, define x(a) by 
Z?(a) = 2 
l-a 
=y+ 2+ 
( 
(1 -a)’ Ii2 
4a2 ) 
(+<a< I), 
= 21/2 (1 <a < 4) 
= (1 + 2a-‘/2 + a-’ _ 2a-3/2)1/* (a > 4). 
Thus I?(a) < 2 for a < 1, g(a) < $ for a > 1, and g(a) -+ 0 as a + co. 
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Our first result clearly extends the Brodlie-Everitt inequality (1). After 
normalization it implies that 
IllVl12 --(x Ilfll’l <@a Ilfll’/llTfII’> llfll IITZf+ afll 
whenever T is a dissipative operator on a Hilbert space, T2f exists, and 
a > 0. 
THEOREM 1. K(a) < k(a) for every a > 0. 
ProoJ Let f and T be as in the definition of K(a), and suppose that 
Re(A Tf) = -c, 0 < c < 1. (The case c = 1 is clear and the case c = 0 may 
be proved by considering (T - n ‘Z) as n -+ oo.) The unit ball in the real 
(A Tf) plane is given by the ellipse 
xz+y*-2cxy= 1. 
Given a point (x, y) with y - xy’ > 0, we have 
0 > Re(xf + yTf, XV + yT2f > 
= Re(xf + yTJ x?‘f + y(T*f + af) - qf > 
= (x + ayy’)/(y - XY’) + Re(xf + yT,f, y(T2f + af 1). 
substituting for Re(xf + yTf, Tf) and Re(xf + yTf, f ). Thus 0 > (x + ayy’)/ 
(y--xy’)-yIITzf+af II, so II T’f + af II > (x + w~‘>l(y(y - XY’)), if Y Z 0 
and y - xy’ > 0. 
Given c, we wish to choose (x, y) suitably on the ellipse, obtaining an 
upper bound K(a, c) for the constant under the additional condition 
Re(f, Tf) = -c. 
Clearly K(a) < sup(K(a, c): 0 < c < I}. In practice, it is too complicated 
to find the pair (x, y) giving the least upper bound, but, even so, we are able 
to obtain satisfactory bounds. 
Case I. 0 < a < 1. We have shown that for any c, 0 < c < 1, we have 
K(a, c> < (1 - a> Y(Y - XY’>/(X + aw’). 
By putting (x, y) = (0, 1) we find that 
K(a, c) ,< (1 - a)/ac. 
With x = y = (2 - 2c)-‘j2, we obtain 
(4) 
(5) K(a, c) ,< 2(2 - 2~)-“~. 
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Hence, using (4) for larger values of c, and (5) for smaller (at the critical 
value the two expressions are equal) we see that K(a) <k(a). 
Case II. a > 1. In this case for any 0 < c < 1 we have 
w, c) < (a - 1) Y(Y - XY’>l(X + aYY’>* 
By putting (x, y) = (0, 1) again we find that 
K(a, c) < (a - l)/ac. (6) 
Furthermore, with (x, y) on the ellipse and defined by y > 0 and x = -ya”’ 
we obtain 
K(a, c) < (1 + a-’ + 2ca-“‘)“*. (7) 
Using (6) for c> l-a-’ and (7) for c< 1 -a-’ we find that 
K(a) < R(a), completing the proof. 
We remark that for T skew-Hermitian, rather than dissipative we have 
~IIrfI12-~Ilfl12~=~~f,~2f+crf~~~IlfIIII~2f+~fII~ 
This is the elementary inequality for L*(-co, co) functions obtained by 
Brodlie and Everitt. 
THEOREM 2. Let X be a Banach space, T a dissipative linear operator 
on X, and f E X such that T’f exists. Suppose that 11 f (I= (( Tf II= 1 and 
a 2 0. Then 
(i) 1 -a<<ljTtf+af 11 ifa< 1, 
(ii) a- 1<211T*f +afll ifa> 1. 
Remark. Like Theorem 1, this result also extends to all values of (1 f I( 
and 11 Tf]\ to give inequalities of the form 
hf II* -Pllf Il’k~llf II llT2f+Pf II* 
Prooj (i) We adapt the proof of Lemma 4 in [l] which gives the special 
case a = 0. 
Let D be ((x,y)ElR2:~~xf+yTf/~<1) and let E be ((x,y)ER2: 
llxf + yT2fII < 1 }; then D and E are convex plane sets. We may and do 
assume that f and Tf are linearly independent over the reals. Suppose that 
q > II T*f + af II. 
Consider a support line to D at (x, y), corresponding by the Hahn-Banach 
theorem to a real linear support functional 4 at xf + yTJ: Suppose that 
)(vf) = qS(uTf) = 1, that is that the line passes through (v, 0) and (0, u). 
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Now $(T*f) = y-‘{#(XV + yT’f) - $(xTf)}. So, if Y > 0, dG”‘f> < 
y-‘(0 -x/u) = -x/yu. That is, #(-yux-iT*f) > 1 if x, y, u > 0. In the 
(f, 7”f) plane, the line 4 = 1 does not meet int(E). When x > 0, y > 0, u > 0, 
and u > 0, the line 4 = 1 in the (f, r’f) plane passes above (0, -yu/x), below 
(-a/q, -l/q) (so as not to meet int E), and through (u, 0). 
We now assert that D contains that part of the ellipse 
K : q(c + 2)(c + 1)2y2 + ((c + 2)x - 1)’ = (c + 1)’ lying in the first 
quadrant, where c = a/q. The justification of this fact is similar to that of 
[ 11: K satisfies the differential equation x = qy( y - (x + c)y’) and passes 
through (l,O). It has the property that, given a tangent line to it at (x, y), 
passing through (0, u) and (0, 0), say, then the three points (u, 0), (0, -yu/x) 
and (-a/q, -l/q) are co-linear. 
Should the curve K pass outside D, at (x, y) say, then for all t in some 
interval (1 - 6, l), tK crosses 3D at (x,, y,), say. Considering a support line 
to D at the point (x1, y,), one obtains a contradiction regarding the 
associated line in the (f, rzf) plane. (A similar argument is used in 
[23, Chap. 71.) 
In the case c = 0, the curve K reduces to the ellipse (q/2)y2 + (x - +)’ = f, 
obtained in 111. 
There are now two cases to consider: 
(I) The tangent from (-1,O) to K touches the curve in the quadrant 
x < 0, y > 0. 
(II) The tangent from (-1,O) touches K in the first quadrant. 
Recall that D is convex and contains K n {x > 0, y > 0). We wish to 
obtain a lower bound, in terms of c and q, for the point at which D meets the 
positive axis (x = 0). Since we already know that (0, 1) E aD, this gives us a 
relation between c and q. 
Case I. Since the x-coordinate of the point where the tangent from 
(-1,O) meets the ellipse is [(c + 3) - (c + l)‘]/[c + 2)(c + 3)], and this is at 
most zero, it follows that c > 1. K meets (x = 0) at (0, y), where y2 = 
c/(q(c + 1)“); hence 1 > c/(q(c + 1)2). It follows easily that (a + q)2 > a and 
q < a, so a > a, whence, as q 2 a1lZ - a, we obtain q > (1 - a)/3. 
Case II. By convexity, the tangent to K from (-1,0) is contained in D. 
This passes through (0, q-‘/‘/2). In this case we have c < 1. Hence 
1<2q . 1’2 Thus q > a, so q > (1 - a)/4. This establishes (i). 
(ii) The method in this case is similar. We now consider the conic 
L: (x + c)2(q - c) + 2cZ(x + c) - c3 = c2qy2 
in the quadrant y > 0, x ,< 0. This passes through (0, l), satisfies the 
differential equation x = qy(y - (x + c)y’), and is an ellipse, parabola or 
hyperbola depending on whether q < c, q = 6c, or q > c. 
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By the same reasoning used in (i), we deduce that L is contained in D. 
This time we consider the point B where L meets the axis (y = 0, x < 0). It 
is in fact 
((cq - (c’q)“‘)/(C - 4)>0), (-c/L 0) 
or ((--ccl + (c”s>“‘>/(q - c>, O)l 
respectively, corresponding to the three cases. This point lies to the right of 
(-LO). 
Using the resulting inequality, and the fact that 1 < a = cq, it is a routine 
matter to show that in this case we obtain q/(cq - 1) > 4, i.e. q > (a - 1)/2. 
This establishes Theorem 2. 
THEOREM 3. If, in addition to the hypotheses of Theorem 2, T is skew- 
Hermitian, then 11 - a] ( 2 (] T2f + af 11 for all a > 0. 
ProoJ: We need only consider the case (i), that a < 1. D contains the 
elliptical arc K and also its reflexion in the axis (x = 0), since -T is 
dissipative. Thus, using convexity and the fact that (0, 1) E c!JD, we see that 
the maximum height of K on [0, 1 ] cannot exceed 1. This occurs at 
x = l/(c + 2) and so l/q(c + 2) < 1, i.e., a + 2q > 1. Hence q > (1 - a)/2 
and the result follows. 
We now turn our attention to inequalities (2) and (3). In particular, we 
shall see that Theorems 1 and 2 could not be extended to negative values of 
a. There are two evidently necessary conditions for the existence of some 
constant K in (2) and (3). If K exists, then the inequality cannot be breached 
trivially by multiplying T (or x) by a constant, and if the left-hand side 
vanishes with multiplicity m = 1 or 2 when T is a multiple of the identity 
(real or purely imaginary, as appropriate), then so does the right-hand side. 
We will say that a given inequality of type (2) or (3) is admissible if the 
above conditions are satisfied, and valid if there is a constant K for which 
the inequality always holds. We will suppose without loss of generality that 
]]x]] = 1. Let the roots of P be a and j3. 
THEOREM 4. Every admissible inequality is valid for a skew-Hermitian 
operator T in a Banach space. 
ProoJ: There are four cases to consider. 
(i) Neither a nor p lies in the imaginary axis. I f  .s > 0 is such that 
I/V- a)V--PM < E, using the fact that ll(T - a)y)) > JRe al 1) y/l for every 
Y, (as V(T - a) E iR - a), we conclude that 
llxll < &I@4 IRePI) and IIF 44 G #WI. 
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Thus 11 Txll< CE for some C(ar, p), and 11 T*xll < DE for some D(a, b), and so 
there is a constant for every such inequality. (For (l), making use of the fact 
that 11 Txll’ < 206.) 
(ii) (r = /5 pure imaginary and nonzero. The result can be deduced 
from Theorem 3. 
(iii) a = /? = 0. The only nontrivial admissible inequality has the form 
II4 II T*xlI > K II WI*, which is known to be valid. 
(iv) a = 0, /? E R\(O). The admissible inequalities have the form 
II4 II TV-OII > K II Txl12 and 
II TV- Pbll > K(a II T’xll + b II Txll>. 
Arguments similar to those of (i) give the result. 
THEOREM 5. If T is Hermitian, the only admissible inequalities which 
are not valid occur when a and p are real and unequal, or real, equal and 
nonzero. In Hilbert space the second case gives a valid inequality. 
Proof Again there are four cases to consider. 
(i) Neither (r nor p is real. The result follows as in part (i) in the proof 
of Theorem 4. 
(ii) a =/I = 0. As in case (iii) of the proof of Theorem 4. 
(ii) (x =/I = 0. As in case (iii) of the proof of Theorem 4. 
(iii) a #/I, both real. This fails: for example, let a = 1, p = 2, 
X=1,(2), T=diag(l, 2), x= (1, 1). Then ll(T-a)(T-/3)xll =O, but 
11 T’xI( ~ 3 II Txll + 2 llxll = 17l’* - 3.5”2 + 2 # 0. 
(iv) CI = jI # 0, both real. This fails in l,(2): for example, taking 
a=p= 1, T= diag( 1, 1 + S) (6 > 0) and x = (1, l/(1 + 6)). Then 
lI(T- 1)*x(1 = 6’/(1 + s), but 11 T’xI/ - 2 II Txll + lIx(I = (1 + 6) - 2 + 1 = 6, 
and thus any constant K for which the inequality 
II@-- 1)2xll 2 Wll T’xll - 2 /I Txll + Ilxll> 
holds must be at least (1 + 6)/a, which tends to co as 6 --) 0. We conclude 
the proof by demonstrating that 
IIP- r>‘xll >, %i-cll T*xII - 2r II T-4 + r* Ilxll>~ 
when T is Hermitian on a Hilbert space H and x E H. As this inequality is 
607/51/3-6 
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rather more difficult, we shall give more details than we have for the other 
cases of the theorem. 
We may assume that (Ix/( = 1 and r= 1. 
If ll(T- 1)*x11 = C> 1, then 
so 
(I T2xII - 2 II TX11 + JIXII < c + 2 Q 3c. 
If jl(r-- 1)*x/l =6 < 1, then clearly ll(T-- 1)x/( <d”* since (T- 1) is 
Hermitian. Moreover, 
I(T*X-xlJ~2/lTx-xll+S and )I T*x + XII < 2 11 TxlJ + 6. 
By the parallelogram identity in Hilbert space, 
2 )I T*xI(* + 2 l(xl)* = 1) T*x + x(1* + (I T2x - x/l* 
<4/~Tx-xl12+4~/Tx-xl16+6* 
+ 4 (I TX/~* + 4 )I TX)/ 6 + 6*. 
Therefore /I T2x)12 < -I + 26 + 2d3’* + S* + 2 11 Txll* + 2 II Txll6, using the 
estimate obtained for Il(T- 1)x11. Let E = I( Txl( - 1, so that -1 <E < al’*. 
Then 
/I T*xll* < -1 + 26 + 2d3’* + 6* + 2 + 4s + 2.s* + 26 + 2.56 
< 1+4&+ 116. 
The right-hand side of this last inequality is therefore positive. Since 
t ‘I* < (1 + t)/2 for every t > 0, we conclude that 
(I T*x(I < 1 + 2~ + 116/2. 
Hence 11 T*x/I - 2 1) Tx(l + I/XII < 1 G/2, as asserted. 
Clearly the constant F in this last inequality can be improved with 
further effort; what is somewhat surprising is that there is a valid inequality 
in Hilbert space but not in a general Banach space. However, this inequality 
does not characterize Hilbert spaces, as it is valid in any space whose 
Hermitian operators are the real multiples of the identity. 
By a similar, more complicated, consideration of cases, one can show that 
for dissipative operators the only admissible inequalities which are not valid 
are those in which a and p both have strictly negative real part. 
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